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Two different families of abelian chiral gauge theories on the torus are investigated: the
aim is to test the consistency of two-dimensional anomalous gauge theories in the presence
of global degrees of freedom for the gauge field. An explicit computation of the partition
functions shows that unitarity is recovered in particular regions of parameter space and that
the effective dynamics is described in terms of fermionic interacting models. For the first
family, this connection with fermionic models uncovers an exact duality which is conjectured
to hold in the nonabelian case as well.
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Chiral generalizations of the Schwinger model [1–3] have given the possibility to test
the non–perturbative dynamics of gauge theories in the presence of local anomalies. It
was shown that a consistent theory emerges in spite of the fact that order by order in
perturbation theory the anomaly breaks the unitarity: unfortunately a similar result is not
available in four dimensions, where only perturbative calculations are possible. The physics
of anomalous gauge theories appears to depend, in two dimensions, on a real parameter,
called the Jackiw-Rajaraman parameter, reflecting the regularization ambiguity and usually
denoted by a: in particular (in the pure chiral case) unitarity requires a > 1. The spectrum
of the theory, its vacuum structure and the nature of fermionic states has been obtained in
[1,2] for the pure chiral case and generalized to mixed vector–axial couplings in [3], where
a precise relation with the massless Thirring model has been pointed out (see also [4] for a
recent discussion). Related investigations have been also carried out in string theory: there
the possibility of exploring the anomalous dynamics induced by Weyl [5] and Lorentz [6,7]
anomaly has triggered the attention of many researchers. In the context of string theory this
is not, however, the only reason of interest. In fact gauge fields interacting with chiral world–
sheet fermions on arbitrary Riemann surface were examined in [8], providing a mechanism
for spontaneous symmetry breaking.
In this letter we present the exact partition function for two different families of (abelian)
gauge theories on the torus T 2, taking anti-periodic boundary conditions for fermions. The
aim is to investigate the consistency and the behavior of an anomalous gauge theory in pres-
ence of the global degrees of freedom of the gauge field, linked to the non–trivial homology
cycles of the underlying manifold. Large gauge invariance comes therefore into play and it is
interesting to test the unitarity in this more general context. We notice that our results have
a direct interpretation in finite temperature field theory, when the flat limit is taken and the
x direction is decompactified. The computations we present can be extended to Riemann
surface of any genus with minimal technical complications, however all the relevant features
are already present in the genus-one calculation, due to the non self–adjoint character of the
Dirac–Weyl operator and to the presence of the harmonic piece in the Hodge decomposition
of the gauge field. A careful application of ζ–function regularization allows us to obtain the
relevant functional determinants without any analityc continuation on the chiral couplings
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(at variance with [9]) or modular invariance requirements [10], leading to a result expressed
in term of theta-function with characteristic.
The first model we consider is the generalized chiral Schwinger model:
L= iψ¯γµ
(
∇µ + i1 + rγ5
2
Aµ
)
ψ− g
2
4
ψ¯γµψψ¯γµψ− 1
4e2
FµνF
µν . (1)
The geometry is described by the zweibein eaµ (gµν = e
a
µeaµ) that, with a suitable choice of
the Lorentz frame, can always been written in the form
eaµ = e
σ(x)eˆaµ = e
σ(x)

 τ2 τ1
0 1

 , (2)
the index a spans the columns, while the index µ runs over the rows. The exponent σ(x) is
the conformal factor, τ = τ1 + iτ2 is the Teichmu¨ller parameter and the fundamental region
for the coordinates has been taken to be the square 0 ≤ x < L and 0 ≤ y < L. The covariant
derivative for the Dirac spinor is∇µ ≡ ∂µ − iγ5
2
ωµ, the corresponding spin-connection is then
computed from the condition of vanishing torsion ωµ = − gˆµν
τ2
ǫρν∂ρσ. The gamma matrices
γµ in curved space-time are related to the flat ones as γaeµa
1. The fermions appearing in
the Lagrangian (1) are chosen to satisfy anti-periodic boundary conditions: ψ(x + L, y) =
−ψ(x, y) and ψ(x, y + L) = −ψ(x, y). The quantity r is a real parameter interpolating
between the vector (r = 0) and the completely chiral (r = ±1) Schwinger model. The
Thirring-like interaction, governed by the coupling constant g2, has been introduced in order
to simplify the analysis of the final result. The gauge field Aµ is taken to be on a trivial
U(1)−bundle. At classical level this Lagrangian is invariant under the local transformations
A′µ
1 + rγ5
2
= Aµ
1 + rγ5
2
+ iU−1∂µU, ψ
′ = Uψ, (3)
with U = exp[2πi(
1 + rγ5
2
)Λ]. Actually being on the torus we have to impose that the gauge
transformation U be well-defined, namely U(x+L, y) = U(x, y) and U(x, y + L) = U(x, y).
While for general r a periodic U entails a periodic Λ, for rational r (=
p
q
with p and q relative
prime) we have only
1Our notations, regarding the gamma matrix and the ǫµν tensor are ǫ
01 = ǫ01 = 1, {γa, γb} =
2δab, γaγ5 = iǫabγ
b.
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Λ(x+ L, y)− Λ(x, y) = q n1 Λ(x, y + L)− Λ(x, y) = q n2 with n1, n2 ∈ ZZ. (4)
[As a matter of fact, the rational nature of r allows the existence of large gauge transfor-
mations.] Despite this rich classical structure, the quantum theory, for r 6= 0, will always
exhibit a gauge anomaly that potentially undermines its consistency. However the following
evaluation of the partition function Z will show that unitarity can be recovered in particular
regions of the parameter space. A path integral expression for Z is given by
Z =
∫
Dψ¯DψDAµDBµexp
(
−
∫
d2x
√
gLc
)
, (5)
where Lc = L + g(ψ¯γµψ)Bµ + BµBµ and Bµ is the “usual” auxiliary field disentangling
the current-current interaction. The fermionic integration is now reduced to compute the
determinant of the Dirac-Weyl operator
DDW = iγ
µ
(
∇µ + i1 + rγ5
2
Aµ − igBµ
)
. (6)
To this purpose, we consider the Hodge decomposition for the one-forms Aµ and Bµ:
Aµ = ∂µφ1 − η νµ ∂νφ2 +
2π
L
aµ, Bµ = ∂µχ1 − η νµ ∂νχ2 +
2π
L
bµ, (7)
where ηµν ≡ √gǫµν is the usual volume two-form and aµ and bµ are two harmonic fields
satisfying the equations ∇µaµ = ηµν∇µaν = 0 and ∇µbµ = ηµν∇µbν = 0.
With the help of eqs. (7) the Dirac-Weyl operator in (6) can be now cast in the form
DDW = exp
[
− i
2
F − 3
2
σ +
γ5
2
G
]
DGDW exp
[
i
2
F +
σ
2
+
γ5
2
G
]
, (8)
where F = (φ1 + irφ2 − 2gχ1) and G = (φ2 − irφ1 − 2gχ2). The operator DGDW depends
only on the global modes of the vector fields
DGDW = iγµ
[
∂µ +
2π
L
(
aµ
2
− gbµ
)
+
2π
L
ηˆ νµ (
r
2
aν)
]
, (9)
By means of the ζ–function technique [11], the contribution of F , G and σ to the determinant
of DDW can be factorized out, giving as result:
det(DDW ) = det(DGDW ) exp (−SLoc.(φ, χ, σ)) (10)
SLoc. contains two parts: the Liouville action generated by the Weyl anomaly and the abelian
WZWN term arising from the gauge anomaly. Explicitly it reads
4
SLoc.(φ, χ, σ) =
1
96π
∫
dx2
√
gˆ
(
gˆµν∂µσ∂νσ + λe
2σ
)
+
− 1
8π
∫
dx2
√
g(φ1 − irφ2 − 2gχ2)△(φ1 − irφ2 − 2gχ2). (11)
However, due to the loss of gauge invariance, an intrinsic ambiguity is present in the factor-
ization (10). In fact changing our regularization scheme in a suitable way, we can generate
a four-parameter family of local counterterms, which might be added to SLoc.
1
8π
∫
dx2
√
gˆgˆµν(aAµAν + bBµAν + cBµBν + dηˆ
µνAµBν). (12)
Actually, three of these parameters (b, c and d) can be ignored because they simply corre-
spond to a trivial rescaling of the coupling constants g, e and r.
After changing integration variables from Aµ and Bµ to φi, χi, aµ and bµ, the initial path
integral in eq. (5) reads Z ≡ ZLoc. × ZGlob., with
ZLoc. = 4π2det′(△)−2
∫
D~Φ′(x)exp
(
−SLiou.(σ)− 1
2
∫
d2x
√
g~Φ(x)tA~Φ(x)
)
ZGlob. =
∫
∞
−∞
daµdbµ exp
(
−aπ
2
√
gˆgˆµνaµaν − 4π2
√
gˆgˆµνbµbν
)
det(DGDW ). (13)
We have introduced a vector notation ~Φ ≡ (φ1, φ2, χ2, χ1) and a fourth order differential
matrix operator A that can be easily read from SLoc and the Maxwell term. The prime on
the measure means that the functional integration must be carried out only over the non
constant modes of χi and φi and 4π
2 det′(△)−2 2 is the jacobian of the change of variables.
The integration over aµ and bµ is extended over (−∞,+∞). This deserves an explanation:
When r is rational, due to presence of large gauge transformations, aµ and aµ + qnµ are
gauge equivalent (nµ = (n1, n2), n1,2 ∈ ZZ) and the factorization of the gauge volume would
lead to the integration over the fundamental domain [0, q]. However there is no reason to
perform this factorization since the invariance is broken by the anomaly; therefore we extend
the integration over all the connections space and not limit ourselves to the gauge orbits.
ZLoc. is easily computed performing a standard Gaussian integration and gives
ZLoc. = 2
√
aa¯ det
(
− △
M2
+ 1
)−1/2
exp [−SLiou.] , with M2 ≡ e¯
2
4π
a¯2
a¯− 1 . (14)
2As usual the symbol det′ means that the zero eigenvalue is excluded.
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Here a¯ = a
(
1 +
g2
2π
+
1− r2
a
)
and e¯2 = e2/
(
1 +
g2
2π
+
1− r2
a
)
. Even though the deter-
minant (14) cannot be computed explicitly in a generic metric background, its physical
interpretation is clear. It represents the partition function of a massive boson with a mass
given by M . Particular care must be paid to the singular case aˆ = r2; in fact M2 →∞ for
this choice of the parameters. If we carefully recalculate ZLoc. in this limit, we get 1, namely
the massive degree of freedom has decoupled from the physical spectrum.
The evaluation of ZGlob. is more involved, requiring an explicit ζ−function calculation. The
determinant of DGDW is evaluated as the square root of det(DGDW )2 can be by means of the
well-known relation
det[DGDW ] = exp
[
−1/2 d
ds
ζDG
DW
(s)
]
s=0
. (15)
[No relevant ambiguity appears in ζ−function formalism in even dimensions as shown in
[12]]. Imposing the anti-periodic boundary conditions and solving the eigenvalue problem
we get the ζ−function
ζ(s) = 2
(
Lτ2
2π
)2s∑
Z2
[(
n1 +H1 +
1
2
− τ1
(
n2 +H2 +
1
2
))2
+ τ 22
(
n2 +H2 +
1
2
)2]−s
, (16)
where the symbol Hµ stands for the combination Hµ =
aµ
2
− gbµ − r
2
η νµ aν . The computation
of ζ ′(0) is quite technical and it makes use of Poisson resummation and analytic continuation
in s. The final result, which can be expressed in terms of theta functions, is
ζ ′(0)=−πr2
√
gˆgˆµνaµaν− 4πira2
(
a1
2
− gb1
)
(17)
−2 log

 1|η(τ)|2Θ

 gb2 −
r + 1
2
a2
−gb1 + r + 1
2
a1

(0, τ) Θ∗

 gb2 +
r − 1
2
a2
−gb1 + 1− r
2
a1

(0, τ)


To perform the integration over the flat connections aµ and bµ, one has to expand the
θ−functions in their series representation, integrate term by term and finally resum the
ensuing series. This straightforward, but tedious exercise leads to
ZGlob. = 1
2
√
aa¯
1
|η(τ)|2Θ(0,Λ(τ, g¯)), (18)
where Θ(0,Λ(τ, g¯)) is a theta-function with characteristic, whose covariance matrix Λ(τ, g¯)
is
6
Λ(τ, g¯) =

 τ 0
0 −τ¯

+ i τ2
g¯2
2π
2
(
1 +
g¯2
2π
)


g¯2
2π
−2− g¯
2
2π
−2 − g¯
2
2π
g¯2
2π

 , (19)
and Θ(0,Λ) =
∑
~n∈Z2 exp[iπ~nΛ~n]. The parameter
g¯2
2π
is defined as
g¯2
2π
=
g2
2π
+
1− r2
a
. This
is (apart from the prefactor that is cancelled by the analogous one in ZLoc.) the partition
function on the torus of the abelian Thirring model of coupling constant g¯2. This is not a
surprise, in fact in [3] it was shown on the plane at level both of operators and correlation
functions, that the generalized chiral Schwinger model is equivalent to a massive boson
plus an effective Thirring interaction. There (g2 = 0) the effective Thirring coupling was
g¯2
2π
=
1− r2
a
. Here we see that the addition of a bare Thirring interaction simply leads to a
theory in which the couplings sum. More remarkably we notice that the careful treatment
of the global degrees of freedom allowed us to reproduce the plane behaviour.
The final expression for the partition function turns out to be
Z = exp[−SLiou.]det
(
− ∆
M2
+ 1
)− 1
2
Θ(0,Λ(τ, g¯)). (20)
In ref. [13] it has been argued that a similar factorization in a massive and in a conformal
invariant sector holds for all two dimensional gauge theories.
We are ready now to discuss the unitarity properties of the model. It is well known that
unitarity requires for the Thirring theory that g¯
2
2π
> −1: this fact is easily understood as
singularities appear in Θ-function. Next the mass must be real therefore a¯ > 1. In absence
of bare Thirring interaction (g2 = 0) these constraints are equivalent to the same unitarity
window found on the plane [3] i .e a > r2. In the form written here the condition on a¯ is
exactly the same as for a in the pure chiral Schwinger model [1], to which ours reduces when
g¯ = 0 (the fermionic part of the partition function collapses, in that case, to the one of free
fermions). The novelty of the interpolating coupling r consisting essentially into a rescaling
of the electric charge (e→ e¯) and the generation of a current-current interaction term. We
notice that the fermionic part is conformal invariant as the abelian Thirring model is, while
only in the (singular) limit a¯→ 1 (were apparently the boson mass diverges) we recover (by
decoupling) the same in the bosonic sector.
A further remark is that many different choices of the initial parameter (r, g, a) leads to
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same partition function: let us consider the case g2 = 0. Giving
g¯2
2π
and M2 we have in
general two values (a±, r
2
±) that generates the same Z
[
M2,
g¯2
2π
]
:
a± =
1
2

M2 ±
√√√√M4 − 4M2
1 + g¯2/2π

 , r2± = 1− g¯
2
2π
a±. (21)
We have of course to require that they correspond to real values of a± and r
2
±, and that the
unitarity condition (i.e. a > r2) is respected. Actually the equivalent choices of the initial
parameters are potentially more because from the expression of the partition function we
see that
Z
[
M2,
g¯2
2π
]
= Z
[
M2,− g¯
2/2π
1 + g¯2/2π
]
.
One can show [14] that this duality symmetry is related to the choice of compactification ra-
dius R in the bosonized version of the theory, namely R =
(
1 +
g¯2
2π
) 1
2
or R =
(
1 +
g¯2
2π
)− 1
2
.
This property allows us to limit our study to
g¯2
2π
> 0, the partition function being the same
for the choices
aˆ± =
1
2

M2 ±
√√√√M4 − 4M2
(
1 +
g¯2
2π
) , rˆ2± = 1 + g¯
2/2π
1 + g¯2/2π
aˆ±. (22)
We skip the details of the analysis giving the complete list of the possible choices (we take
e2/4π = 1 from now on):
4
(
1 + g¯2/2π
)−1
< M2 < 4
(
1 + g¯2/2π
)
2 solutions: a±, r
2
±
0 < g¯2 <
π
2
4
(
1 + g¯2/2π
)
< M2 < 1 + 2π/g¯2 4 solutions: a±, r
2
±, aˆ±, rˆ
2
±
M2 > 1 + 2π/g¯2 3 solutions: a±, r
2
±, aˆ−, rˆ
2
−
4
(
1 + g¯2/2π
)−1
< M2 < 1 + 2π/g¯2 2 solutions: a±, r
2
±
π
2
< g¯2 < 2π 1 + 2π/g¯2 < M2 < 4
(
1 + g¯2/2π
)
1 solution: a−, r−
M2 > 4
(
1 + g¯2/2π
)
3 solutions: a±, r
2
±, aˆ−, rˆ
2
−
1 + 2π/g¯2 < M2 < 4
(
1 + g¯2/2π
)
1 solution: a−, r−
g¯2 > 2π M2 > 4
(
1 + g¯2/2π
)
3 solutions: a±, r
2
±, aˆ−, rˆ
2
−
No solution is possible for M2 < 4(1 + g¯2/2π)−1 and
g¯2
2π
< 1, or M2 < (1 + 2π/g¯2) and
g¯2
2π
> 1. We learn that a lower bound for the mass exists depending on the strength of
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the Thirring coupling and the absolute minimum is easily seen to be M2 = 1 (for
g¯2
2π
→
∞). In the region where only two values are allowed a simple duality transformation,
a′ =
a
a− r2 r
′2 =
a− 1
a− r2 , connecting them can be found: it relates large a to a, r
2 ≃ 1. Its
self-dual points lie on the curve a = 1 + r2 and correspond to the vanishing of the derivative
of the mass with respect to the Jackiw-Rajaraman parameter at fixed
g¯2
2π
. This curve,
describing the critical line M2 =
4
1 + g¯2/2π
that bounds the second region (
1
4
<
g¯2
2π
< 1)
from below, is the generalization of a = 2 point of the chiral case. The fact that a = 2 must
have some relevance, in the space of two dimensional chiral gauge theories, has often been
claimed in the literature [15], even at non abelian level where a change in the constraints
structure has been noticed [16]. In non abelian anomalous gauge models the integration over
the gauge field cannot be generally performed and few exact results are known. However
the bosonized pure chiral case (in the gauge invariant formulation [17]) was studied at
perturbative level by Oz [18] in a covariant gauge and by us [19] in light-cone gauge. At
one loop level the parameter a acquires a dependence from a renormalization scale, due to
the ultraviolet divergencies of the theory. The relevant one-loop β−function has a fixed
point exactly at a = 2, and unitarity appears to be preserved for a > 1. In view of our
abelian analysis is tempting to notice that if the previous exact duality carries over to the
non abelian case, it entails the vanishing of the β−function at its self-dual point a = 2. It
would be interesting to test, at least at perturbative level, our conjecture in non abelian
models more general than the pure chiral case. Unfortunately the interpolating situation
cannot be generalized to a non abelian symmetry, using only one gauge field, as one easily
realizes. We introduce therefore a different abelian theory, that is more suitable to a non
abelian generalization (we set the bare Thirring coupling g2 = 0)
Lˆ =
N+∑
i=1
ψ¯iiγ
µ(∇µ + i(1 + γ5
2
)Aµ)ψi +
N
−∑
i=1
ψ¯iiγ
µ(∇µ + i(1− γ5
2
)Aµ)ψi +
1
4e2
F µνFµν , (23)
describing N+ right andN− left favours, both interacting with the same electromagnetic field.
[A similar model with a different number of left and right movers has been discussed in [20].
There, the potential problems have been avoided by cancelling the anomaly with suitable
choice of left and right electric charges, in analogy with the Standard Model.] Introducing
the Hodge decomposition Aµ =
2π
L
aµ + ∂µφ1 + η
µ
ν∂νφ2, we can compute along the previous
9
line the local part of the partition function (the Jackiw-Rajaraman parameter is taken equal
for all the flavours)
ZˆLoc. = exp [−(N+ +N−)SLiou.] det
(
− ∆
Mˆ2
+ 1
)− 1
2
√
a2(N+ +N−)2 − 4N+N−
4
, (24)
where eˆ2 = (N+ +N−)e
2 and the mass is Mˆ2 =
eˆ2
4π(a− 1)
(
a2 − 4N+N−
(N+ +N−)2
)
. The deter-
minants involved in the global part leads to
ZˆGlob. = ΘN− [0, 0](0, τ)Θ∗N+[0, 0](0, τ)
∫ +∞
−∞
da1da2Θ
N+ [−a2, a1](0, τ)Θ∗N−[−a2, a1](0, τ)
exp
[
− π
2τ2
(
(a1 − τ1a2)2 + τ 22 a22
)
(N+ +N−)(a− 1) + 2πi(N+ −N−)a1a2
]
. (25)
The aµ-independent factor Θ
∗N+ [0, 0](0, τ)ΘN−[0, 0](0, τ) corresponds to the (free) fermionic
partners, that are decoupled from the electromagnetic field. We could omit this term if
we divide the full partition function by the contribution of N+ left fermions and N− right
fermions (only gravitionally coupled). In this case we have to substitute in ZLoc. the Liouville
action by the appropriate one from N+ right and N− left fields, where a ”gravitational”
Jackiw-Rajaraman parameter appears due to the Lorentz anomaly [6,7]. We notice that in
the genus one case no globality problems arise because the tangent-bundle is trivial (see [6]
for a discussion of this point). Coming back to the integral in (25) we obtain
ZˆGlob. =
√
4
a2(N+ +N−)2 − 4N+N−Θ2(N++N−)(0, Λˆ), (26)
where the 2(N+ + N−) dimensional theta function is defined by
Θ2(N++N−)(0, Λˆ) =
∑
ni,nj∈Z
2(N++N−)
exp[iπniΛˆijnj ], the covariance matrix being
Λˆ =


1N+τ 0
0 −1N
−
τ¯

− i
4τ2
a2 − 4N+N−
(N++N−)2


2N
−
(N++N−)2
1N+N+ − a(N++N−)1N+N−
− a
(N++N−)
1N
−
N+
2N+
(N++N−)2
1N
−
N
−

 . (27)
Here 1NiNj means the Ni×Nj matrix with 1 in all the entries. Subtracting the contribution of
the electromagnetic-free fermionic partners we have (we omit from now on the gravitational
part that is presented for example in [6])
Zˆ = det
(
− ∆
Mˆ2
+ 1
)− 1
2
Θ2(N++N−)(0, Λˆ). (28)
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From requiring the positivity of the mass we get
a > 1 or a <
√
4N+N−
(N+ +N−)2
, (29)
but only in the first case the series defining the multidimensional theta function converges.
We see therefore that in this model the unitarity request on a single (e.g. N+ = 1, N− = 0)
chiral fermion (a > 1) implies the unitarity for generic N+ and N−. We have now to discover
what is the fermionic model described by the Θ−function: let us define the coupling
gˆ2
2π
=
4
(N+ +N−)(a− 1) . (30)
It is not difficult to show that the Θ−function is generated by N+ right and N− left fermions
interacting through a current-current term
LI = gˆ
2
2
N+∑
i=1
N
−∑
j=1
J iµ+ J
j
−µ J
µ
i± = iψ¯
iγµ(
1± γ5
2
)ψi. (31)
For N+ = N− = 1 we recover exactly a Thirring model. We see that no ”dual” behaviour
is apparently present in the general case, even if the mass of the emerging boson does: the
fermionic part of the partition function does not depend only on the coupling gˆ
2
2π
but on the
number of flavours too. It could be that a more sophisticated analysis is needed in order
to make manifest duality properties. In any case this does not mean that the non abelian
case must not posses some interesting duality (or self-duality) properties: in the abelian
case the conformal invariance of the fermionic sector is always achieved while we expect, in
the non abelian situation, its recovering only at particular points in the parameter space,
as the Wess-Zumino action does. A non abelian analysis deserves therefore a closer look
and we expect a non-trivial renormalization group behaviour for the anomalous theory. The
problem is currently under scrutiny.
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